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NONCOMMUTATIVE MAIN CONJECTURES OF GEOMETRIC
IWASAWA THEORY
MALTE WITTE
Abstract. In this chapter we give a survey on noncommutative main conjec-
tures of Iwasawa theory in a geometric setting, i. e. for separated schemes of
finite type over a finite field, as stated and proved by Burns and the author.
We will also comment briefly on versions of the main conjecture for function
fields.
In this chapter we give a survey on noncommutative main conjectures of Iwasawa
theory in a geometric setting, i. e. for a separated scheme of finite type over a finite
field, as stated and proved in [Wit10] and [Bur11b]. We begin by formulating the
conjecture in Section 1 and then give a sketch of the proof in Section 2. In Section 3
we will comment on the special case that the scheme is smooth, geometrically
connected, and of dimension 1, which corresponds to an analogue of the main
conjecture for function fields.
1. Formulation of the Conjecture
As a motivation, let us begin by recalling the formulation of the main conjecture
in the number field case from [CK12, Thm. 5.1]. Since the letter p is conventionally
reserved to denote the characteristic of the base fields appearing later in the text,
we will denote by ℓ the prime which is conventionally denoted by p in Iwasawa
theory. Fix a totally real number field F and an admissible ℓ-adic Lie extension
F∞/F in the sense of [CK12, §1]. (In particular, F∞ is also totally real.) Let κF
denote the cyclotomic character.
Theorem 1.1. Let F∞/F be unramified outside the finite set of primes Σ (with
ℓ ∈ Σ) and assume its Galois group G contains no element of order ℓ. If the gener-
alized Iwasawa conjecture holds for F∞/F , then there exists a ζF∞/F ∈ K1(Λ(G)S)
satisfying the interpolation property
ζF∞/F (ρκ
n
F ) = LΣ(ρ, 1 − n)
for all Artin representations ρ of G and the equation
∂ζF∞/F = [X (F∞)]− [Zℓ]
in K1(Λ(G),Λ(G)S).
Our aim is to formulate an analogue of this theorem for a separated scheme X of
finite type over the field Fq with q elements. For this, we need to introduce for any
prime ℓ an appropriate notion of admissible ℓ-adic Lie extensions, a replacement
for the Λ(G)-module X (F∞), and the corresponding L-functions. This will be the
content of the following paragraphs. To avoid technicalities, we will additionally
assume that X is geomtrically connected. However, we will not exclude the case
ℓ = p, where p denotes the characteristic of Fq.
1.1. Admissible Lie extensions. In the situation of Theorem 1.1, let OF denote
the ring of integers of F and W the open subscheme of SpecOF given by the open
complement of Σ. The ℓ-adic Lie group G is a factor group of the Galois group
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Gal(FΣ/F ) of the maximal extension FΣ of F unramified outside Σ within a fixed
algebraic closure F¯ of F . The Galois group Gal(FΣ/F ) is in geometric terms the
e´tale fundamental group πe´t1 (W, ξ) of the scheme W with respect to the geometric
point
ξ : Spec F¯ →W
corresponding to the algebraic closure F¯ .
The e´tale fundamental group πe´t1 (X, ξ) with respect to a fixed geometric base
point ξ ofX is in fact defined for any connected scheme. The open normal subgroups
U ⊳o π
e´t
1 (X, ξ) are in 1-1-correspondence with the isomorphism classes of finite
connected pointed Galois coverings
f : (Y, η)→ (X, ξ)
with Galois group
Gal(Y/X) = AutX(Y ) = π
e´t
1 (X, ξ)/U
[Mil80, Ch. 1,§5]. In the following, we will allow ourselves to neglect the base points
in our notation.
We extend the above correspondence to closed normal subgroups V of πe´t1 (X, ξ)
by writing
f : Y → X
for the projective system of X-schemes (fU : YU → X) where U runs over the open
normal subgroups of πe´t1 (X, ξ)/V and YU denotes the Galois cover associated to
the preimage of U in the fundamental group of X . The pro-scheme Y will then be
called a Galois extension of X with Galois group
Gal(Y/X) = πe´t1 (X, ξ)/V
There exists a precise analogue of the cyclotomic Zℓ-extension of a number field
in the geometric setting, namely the unique Zℓ-extension Fqℓ∞ /Fq of the base field.
If ℓ 6= p and if we suppose that X is connected and normal, this is in fact the only
Zℓ-extension by the Katz-Lang finiteness theorem [KS09, Thm. 2.8]. There are
examples of non-normal X with additional Zℓ-extensions. For ℓ = p one can find
in general infinitely many other Zp-extensions of X .
The analogue of an admissible ℓ-adic Lie extension of F is then given by the
following
Definition 1.2. An Galois extension Y → X is defined to be an admissible ℓ-adic
Lie extension if the Galois group Gal(Y/X) is an ℓ-adic Lie group and if Y → X
factors through X ×Fq Fqℓ∞ .
Comparing with the definition in the number field case [CK12, Sect. 1], we note
that the extension Y → X is by definition (pro-)e´tale and therefore unramified. Of
course, there is no analogue of a totally real extension for our scheme X and we
may simply drop this extra condition.
1.2. Algebraic K-Theory. We chose a slightly different approach to algebraic
K-theory than the one given in [Suj12, §1].
Let R be any ring and S ⊂ R a left denominator set, i. e. a multiplicatively closed
subset satisfying
(1) (Ore condition) for each s ∈ S, b ∈ R there exist s′ ∈ S, b′ ∈ R such that
b′s = s′b, and
(2) (annihilator condition) for each s ∈ S, b ∈ R with bs = 0 there exists s′ ∈ S
with s′b = 0.
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Then the left quotient ring RS with respect to S exists and one can define a long
exact localisation sequence
K1(R)→ K1(RS)
∂
−→ K0(R,RS)
[WY92]. If R is left noetherian, then the annihilator condition is implied by the
Ore condition. A left denominator set is then also referred to as left Ore set.
We can obtain the following explicit description of the sequence in terms of
perfect complexes. Recall that a complex of modules over a ring R is said to be
strictly perfect if it is bounded and all modules are finitely generated and projective.
The complex is called perfect if it is quasi-isomorphic to a strictly perfect complex.
Theorem 1.3. Let R be any ring and S ⊂ R be a left denominator set.
(1) The group K1(R) is as abelian group generated by symbols [f ] where f is a
quasi-automorphism of a perfect complex of R-modules P •. Moreover, the
following (possibly incomplete) list of relations is satisfied:
(a) [g] + [h] = [g ◦ h] if g and h are quasi-automorphisms of the same
complex P •.
(b) [f ] = [f ′] if there exists a quasi-isomorphism a such that the diagram
P •
f
//
a

P •
a

Q•
f ′
// Q•
commutes in the derived category of complexes of R-modules.
(c) [b] = [a]+[c] if there exists an exact sequence 0→ A• → B• → C• → 0
of perfect complexes such that the diagram
0 // A• //
a

B• //
b

C• //
c

0
0 // A• // B• // C• // 0
commutes in the non-derived category of complexes.
(2) The group K1(RS) is generated by symbols [f ] where f is a morphism of a
perfect complex of R-modules P • such that the localisation fS is a quasi-
automorphism. The symbols [f ] satisfy the same relations as the symbols
[fS] in description (1).
(3) The group K0(R,RS) is presented by generators [P
•] for each perfect com-
plex P • of R-modules such that the localisation P •S has vanishing cohomol-
ogy and the relations
(a) [P •] = [Q•] if P • and Q• are quasi-isomorphic.
(b) [B•] = [A•] + [C•] if there exists a distinguished triangle
A• → B• → C• → A[1]
•
in the derived category of R-modules.
(4) ∂ : K1(RS) → K0(R,RS) is given by ∂[f ] = −[Cone(f)
•
] where Cone(f)
•
denotes the cone of f .
In the above description, one may replace every occurrence of perfect complex by
strictly perfect complex.
Proof. This follows from the construction of the localisation sequence from a cofibre
sequence of certain Waldhausen categories [WY92], the algebraic description of the
first Postnikov section of the associated topological spaces [MT07], the identicalness
of K-theory and ’derived’ K-theory in degrees 0 and 1 [Mur08, Thm. 5.1], and the
explicit description of the boundary homomorphism [Wit10, Thm. A.5]. 
4 MALTE WITTE
Remark 1.4. We stress that Theorem 1.3 might not give a presentation of K1(R) or
K1(RS). We have only listed the relations which are obvious from the description
as the kernel of a certain group homomorphism given in [MT07]. The precise set
of relations will not be needed in the subsequent arguments.
The derived tensor product with an R′-R-bimoduleM which is finitely generated
and projective as R′-module defines a group homomorphism K1(R)→ K1(R
′). In
order to define this map in terms of the above presentation with perfect complexes,
we can use the following
Lemma 1.5. Let f : P • → P • be a endomorphism of a perfect complex P • of R-
modules. There exists a endomorphism f ′ of a strictly perfect complex Q• and a
quasi-isomorphism q such that the diagram
Q•
q
//
f ′

P •
f

Q•
q
// P •
commutes in the derived category of complexes of R-modules.
Proof. This follows from the well-known fact that the morphisms from a strictly
perfect complex Q• to a complex P • in the derived category are the same as the
set of homotopy classes of complex homomorphisms Q• → P •. 
We may now define K1(R)→ K1(R
′) by mapping a generator [f ] to [M ⊗R f
′]
for any choice of f ′ as in the lemma. The construction extends to our presentation
of K1(RS) and K0(R,RS) in the obvious way.
Given an admissible ℓ-adic Lie extension Y → X we shall put as in the number
field case
G = Gal(Y/X), Γ = Gal(Fqℓ∞ /Fq), H = ker(G→ Γ).
In particular, G is a semidirect product of H and Γ. We will write ΛO(G) for its
Iwasawa algebra with coefficients in the valuation ring O of a finite field extension
of Qℓ and ΛO(G)S for the quotient ring with respect to Venjakob’s canonical Ore
set
S = {f ∈ Λ(G) : ΛO(G)/ΛO(G)f is finitely generated as Λ(H)-module}.
In most situations, we omit the subscript O.
Considering the localisation sequence for S ⊂ Λ(G), we can even prove that it
gives rise to a split exact sequence
0→ K1(Λ(G))→ K1(Λ(G)S)
∂
−→ K0(Λ(G),Λ(G)S)→ 0.
[Wit11b, Cor. 3.4]. We also recall that
K1(Λ(G)) = lim←−
n,U⊳oG
K1(O/ℓ
nO[G/U ])
carries a natural structure of a profinite group [FK06, Prop. 1.5.3]. As in [Kak11],
we define
SK1(Λ(G)) = lim←−
U⊳oG
SK1(O[G/U ]),
K ′1(Λ(G)) = K1(Λ(G))/SK1(Λ(G)),
K ′1(Λ(G)S) = K1(Λ(G)S)/SK1(Λ(G)).
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If ρ : G → GLn(O) is a continuous character for the valuation ring O of any
finite field extension of Qℓ, we obtain an evaluation map
Φρ : K1(Λ(G)S)
twρ
−−→ K1(Λ(G)S)
pr
−→ K1(Λ(Γ)S)
det
−−→
∼=
Λ(Γ)×S .
Here, Λ(Γ)S is the localisation of Λ(Γ) at the prime ideal generated by the maximal
ideal of O, the map pr is the canonical projection, and the map twρ is given by
twρ[P
• f−→ P •] = [ρ⊗O P
• id⊗f−−−→ ρ⊗O P
•]
on morphisms f of strictly perfect complexes P •. If ρ : G → GLn(O) has finite
image, it is immediate that Φρ(SK1(Λ(G)) = 1 and hence, Φρ factors through
K ′1(Λ(G)S).
We stress that none of the results of this section are specific to the geometric
nature of our conjecture. They apply equally well to the number field case.
1.3. A Crash Course in Etale Cohomology. Next, we need to find an analogue
of the Λ(G)-module X (F∞) that features in the main conjecture for number fields.
For this, it is necessary to take a step back and have a look at the larger picture.
In the following, we will make heavy use of the formalism of e´tale cohomology. We
have to refer the reader to [Mil80] for a thorough introduction. E´tale cohomology
is a cohomology theory in the spirit of sheaf cohomology on topological spaces.
It is related to the cohomology of the e´tale fundamental group just as this sheaf
cohomology is related to the cohomology of the classical fundamental group.
For any noetherian ring R and any scheme X (of finite type over a sufficiently
nice base scheme, e. g. SpecFq or SpecZ) one defines a certain abelian category of
constructible e´tale sheaves of R-modules Sh(X,R) together with
• a global section functor Γe´t(X, ·) assigning an R-module to any sheaf in
Sh(X,R),
• constructions of inverse image functors f∗ : Sh(X ′, R) → Sh(X,R) and
direct image functors f∗ : Sh(X,R) → Sh(X
′, R) for morphisms f : X →
X ′,
• an extension-by-zero functor j! : Sh(X,R) → Sh(X
′, R) for open immer-
sions j : X → X ′,
• a tensor product F ⊗R G of sheaves F and G in Sh(X,R),
• for any sheaf F on X a Godement resolution GX(F)
•, i. e. a complex of
flasque sheaves that may be used to define higher derived functors.
We may apply the section functor to each degree of the Godement resolution to
define a total derived section functor
RΓe´t(X,F) = Γe´t(X,GX
•(F))
and likewise, we may also define a total higher derived image functor R f∗. If
f : X → Y is a separated morphism of finite type over a noetherian scheme Y , we
can fix a commutative diagram
X
j
//
f
!!❇
❇
❇
❇
❇
❇
❇
❇
Xc
fc

Y
with an open immersion j and a proper morphism f c. We may then define a total
derived image functor with proper support
R f!F) = f
c
∗G
•
Xc(j!F)
as an analogue of the total derived image functor with compact support from topol-
ogy. (One can prove that this construction is independent of the choice of Xc up to
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quasi-isomorphism, see [Del77, Arcata, IV, §5].) If X is separated and of finite type
over Fq, we may apply this construction to the structure morphism s : X → SpecFq
to define a total derived section functor with proper support
RΓc(X,F) = Γe´t(SpecFq,R s!F).
This construction works fine for finite rings R, but it does not give the right
cohomology groups if we apply it directly to rings such as Zℓ or Λ(G). Instead, we
have go a step further and define a continuous version of it. The following definition
is a straight-forward generalisation of [Del77, Rapport, Def. 2.1] (see also [Gro77,
Exp. VI]).
Definition 1.6. Let R be a profinite ring. A flat R-sheaf on X is a projective
system (FI) indexed by the open (two-sided) ideals of R such that FI is a flat sheaf
in Sh(X,R/I) and such that for I ⊂ J the transition morphism FI → FJ factorises
through an isomorphism
R/J ⊗R/I FI ∼= FJ .
We denote the category of flat R-sheafs by Sˆh(X,R).
The above constructions of R f∗ and R f! extend to R-sheaves by applying them
to each element of the projective system individually. We redefine the total derived
section functor by additionally taking the total derived inverse limit of the resulting
projective system of complexes.
In order to give an R-sheaf on X , it suffices to know it on a cofinal system of
open ideals. In particular, if F = (F(ℓn)) is a flat Zℓ-sheaf and f : Y → X is an
admissible ℓ-adic Lie extension with Galois group G, we obtain a flat Λ(G)-sheaf
FG = (fU ∗f
∗
UF(ℓn))U⊳oG,n>0.
To check the conditions in Definition 1.6, it suffices to observe that the stalk
(fU∗f
∗
UF(ℓn))ξ in a geometric point ξ ofX is isomorphic to Z/ℓ
nZ[G/U ]⊗Z/ℓnZ(Fξ).
Moreover, we may assign to each continuous Zℓ-representation
ρ : πe´t1 (X, ξ)→ GLk(Zℓ)
a flat Zℓ-sheaf
M(ρ) = (ρ−1 ⊗Λ(πe´t
1
(X,ξ)) fUn∗f
∗
UnZ/ℓ
nZ)n≥0
by choosing Un = ker(π
e´t
1 (X, ξ) → GLk(Z/ℓ
nZ)). In this way, the category of
continuous Zℓ-representations becomes a full subcategory of Sˆh(X,Zℓ). More gen-
erally, we may replace Zℓ by any compact noetherian commutative ring. If X is
the e´tale analogue of a K(π, 1)-space, e. g. a smooth affine curve over a finite field
of characteristic prime to ℓ or an open dense subscheme of SpecOF [
1
ℓ ], then the
e´tale cohomology RΓe´t(X,M(ρ)) agrees with the continuous group cohomology of
ρ, but in general, it is the e´tale cohomology and not the group cohomology that
leads to the right constructions.
The following complex is our replacement for the module X (F∞). We will explain
this in more detail in Section 3.
Definition 1.7. For any flat Zℓ-sheaf F we set
C(Y/X,F) = RΓc(X,FG)
By construction C(Y/X,F) is a complex of Λ(G)-modules. We can say even
more:
Proposition 1.8. The complex C(Y/X,F) is a perfect complex of Λ(G)-modules,
i. e. there exists a bounded complex Q• of finitely generated, projective Λ(G)-modules
and a quasi-isomorphism q : Q• → C(Y/X,F).
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Proof. By [Del77, p. 95, Th. 4.9], the complex RΓc(X, fU∗f
∗
UF) is a perfect
complex of Z/ℓnZ[G/U ]-modules for any flat e´tale sheaf of Z/ℓnZ-modules F . To
pass from this statement to the statement of the proposition is not completely
straightforward. We give some details, following [Gro77, XV, p. 472–492] and
clarifying [Bur11b, Prop. 3.1.(ii)]. A slightly different proof is given in [Wit08,
Prop. 5.2.3 + Def. 5.4.13]. Both proofs use that Λ(G) is compact for the topology
defined by the powers of the Jacobson radical Jac(Λ(G)):
Λ(G) = lim
←−
n
Λ(G)/ Jac(Λ(G))n.
In particular, G admits a fundamental system of neighbourhoods (Un) of open
normal subgroups indexed by the positive integers such that the kernel of Λ(G)→
Z/ℓZ[G/U1] is contained in Jac(Λ(G)). The Ku¨nneth formula for the trivial product
ofX with the spectrum of its base field implies that there exists a quasi-isomorphism
Z/ℓnZ[G/Un]⊗
L
Z/ℓn+1Z[G/Un+1]
RΓc(X, fUn+1∗f
∗
Un+1F(ℓn+1))
↓
RΓc(X,Z/ℓ
nZ[G/Un]⊗Z/ℓn+1Z[G/Un+1] fUn+1∗f
∗
Un+1F(ℓn+1))
‖
RΓc(X, fUn∗f
∗
UnF(ℓn)).
By sucessively applying [Gro77, XV, 3.3, Lemma 1] (the proof of which uses lifting
of idempotents for Λ(G) as a central ingredient) one finds a quasi-isomorphism of
projective system of complexes
(qn) : (Q
•
n)→ (RΓc(X, fUn∗f
∗
UnF(ℓn))
with Q•n being a strictly perfect complex of Z/ℓ
nZ[G/Un]-modules such that
Z/ℓnZ[G/Un]⊗Z/ℓn+1Z[G/Un+1] Q
•
n+1 → Q
•
n
is an isomorphism (not merely a quasi-isomorphism) of complexes. We set
Q• = lim
←−
n
Q•n.
Using that projective systems of finite modules are lim
←−
-acyclic [Jen72, Cor. 7.2],
we obtain a quasi-isomorphism
q : Q• → C(Y/X,F).
Each Qk is projective as a compact Λ(G)-module [Bru66, Cor. 3.3] and the complex
Q• is bounded. Moreover, since the transition morphisms in the system (Q•n) are
surjective, we have
Z/ℓZ[G/U1]⊗ˆΛ(G)Q
• = lim
←−
n
Z/ℓZ[G/U1]⊗Z/ℓnZ[G/Un] Q
•
n = Q
•
1
[Bru66, Lemma A.4]. Hence, each Qk is finitely generated by the topological
Nakayama lemma. In particular, Qk is also projective as abstract Λ(G)-module. 
The Ku¨nneth-formula for the trivial product as in the proof above shows that
C(Y/X,F) behaves well with respect to derived tensor products. In particular, we
have quasi-isomorphisms
Λ(Gal(Y ′/X))⊗LΛ(Gal(Y/X)) C(Y/X,F) ≃ C(Y
′/X,F)
for any subextension Y ′/X of Y/X . Moreover,
ρ⊗L
Zℓ
C(Y/X,F) ≃ C(Y/X,M(ρ)⊗Zℓ F)
for any continuous ℓ-adic representation ρ of Gal(Y/X).
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1.4. L-Functions. In this subsection we will recall Grothendieck’s and Deligne’s
fundamental results on L-functions for Zℓ-sheaves on the scheme X over Fq. In the
case ℓ = p this is complemented by a result of Emmerton and Kisin [EK01].
Let X be a geometrically connected scheme of finite type over Fq. We let X
0
denote the set of closed points of X . For any x ∈ X0 we let deg(x) denote the
degree of the residue field k(x) of x over Fq and N(x) = q
deg(x) the order of k(x).
Furthermore, we fix an algebraic closure k¯(x) of k(x) and let denote Fx ∈ π
e´t
1 (X, ξ)
its geometric Frobenius element acting by a 7→ aN(x)
−1
for a ∈ k¯(x). For any
representation
ρ : πe´t1 (X, ξ)→ GLn(OE)
on the ring of integers OE of a number field E, we may define a complex function
LA(ρ, s) =
∏
x∈X0
Ex(N(x)
−s)−1, Ex(t) = det(1− ρ(Fx)t)
as direct analogue of an Artin L-function for a number field. Different from the
number field case, we obtain LA(ρ, s) by evaluating the formal power series with
OE-coefficients
L(ρ, t) =
∏
x∈X0
Ex(t
deg(x))−1
in q−s. In particular, we may view L(ρ, t) as an element of O[[t]]× for any comple-
tion O of OE at a prime of E. (We warn the reader that this is not yet the precise
analogue of the Iwasawa power series of an ℓ-adic L-function.) More generally, one
may define L(F , t) ∈ O[[t]]× for any compact commutative noetherian Zℓ-algebraO
and any flat O-sheaf F by taking the product over the inverses of the characteristic
polynomials of the Frobenius operation on the stalks of F .
There is a second power series that we may attach to the O-sheaf F . Recall that
the determinant induces an isomorphism
det: K1(O[[t]])→ O[[t]]
×.
Let s : X → SpecFq denote the structure morphism. By the same argument as
in the proof of Proposition 1.8, the complex Γe´t(F¯q,R s!F) is a perfect complex of
O-modules with an action of the Frobenius F ∈ Gal(F¯q/Fq). We may set
L!(F , t) = det[1− tF : O[[t]]⊗O Γe´t(F¯q,R s!F)]
−1 ∈ O[[t]]×.
The interesting property of L!(F , t) is that it is in fact a rational function. To see
this, we use Lemma 1.5 to replace F by an endomorphism f on a strictly perfect
complex Q•. By the relations given in Theorem 1.3 we may then write
L!(F , t) =
∏
n∈Z
det[1− tf : O[[t]]⊗O Q
n](−1)
n+1
.
We introduce the power series
v(F , t) = L(F , t)/L!(F , t)
to measure the difference. Furthermore, we set
O〈t〉 = lim
←−
n
O/ Jac(O)n[t]
and write O{t} for the localisation of O〈t〉 at the multiplicatively closed subset of
those elements which become a unit in O[[t]]. In particular, we have
L!(F , t) ∈ O{t}
×.
Theorem 1.9. Let ℓ be any prime, O a compact, commutative, noetherian Zℓ-
algebra and F an O-sheaf on X.
(1) (Grothendieck-Deligne) If ℓ 6= p then v(F , t) = 1.
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(2) (Emmerton-Kisin) If ℓ = p then v(F , t) ∈ O〈t〉×.
In particular, we have L(F , t) ∈ O{t}× in both cases.
Proof. Assertion (1) follows from [Del77, Fonctions L mod ℓ, Thm. 2.2] by passing
to the projective limit. Assertion (2) for q = p is [EK01, Cor. 1.8]. It remains
true for q = pn because the v for a scheme X/Fq considered as a scheme over Fp is
obtained from the original v by replacing t by tn. 
In fact, Theorem 1.9.(1) remains valid for non-commutative coefficients [Wit09].
The formulation of a reasonable non-commutative version of Theorem 1.9.(2) poses
additional technical difficulties related to the fact that for non-commutative O, the
map K1(O〈t〉)→ K1(O[[t]]) might not be injective.
We use the above theorem to construct the true analogue of the Iwasawa power
series of the classical ℓ-adic L-function.
Lemma 1.10. Let γ ∈ Γ ∼= Zℓ be a topological generator, O a compact, commuta-
tive, noetherian Zℓ-algebra. The assignment t 7→ γ
−1 defines a ring homomorphism
O{t} → Λ(Γ)S .
Proof. Clearly, t 7→ γ−1 defines a homomorphism O〈t〉 → Λ(Γ). Let f(t) ∈ O〈t〉
be a unit in O[[t]]. We need to show that f(γ−1) ∈ S. The set S consists of those
elements in Λ(Γ) whose reduction modulo every maximal ideal m of O is not zero.
Now the reduction of f(γ−1) modulo m is a polynomial in γ−1 whose constant
coefficient is a unit in O/m. 
In particular, we may apply this lemma to Γ = Gal(Fqℓ∞ /Fq) with γ being the
image of the Frobenius F ∈ Gal(F¯q/Fq). We then have elements
L(F , γ−1), L!(F , γ
−1) ∈ Λ(Γ)×S .
for every flat O-sheaf F on X . Assume that ℓ 6= p and let κ : Gal(F¯q/Fq) → Z
×
ℓ
denote the cyclotomic character. For any Artin character ρ : πe´t1 (X, ξ)→ GLk(OE)
the elements L(M(ρ), γ−1) satisfy the interpolation property
L(M(ρκn), 1) = LA(ρ, n).
for n ∈ Z. (This holds also for the leading terms.)
For ℓ = p one should not expect to obtain an analogous result, for in the p-
adic world, the Tate twist of the motive defined by ρ does not correspond to a
continuous character κ, but takes on a very different shape. However, we may still
view L(F , γ−1) as an interpolation of the leading terms of L(M(ρ) ⊗Zℓ F , t) at
t = 1.
1.5. TheMain Conjecture. We are now ready to formulate the non-commutative
main conjecture of Iwasawa theory in the geometric case. For any profinite group
G, let C(G) denote the set of continuous representations ρ : G → GLk(Oρ) for the
valution ring Oρ of a finite field extension of Qp. Likewise, we let A(G) denote the
set of all Artin representations ρ : G → GLk(Oρ), i. e. representations with finite
image.
Theorem 1.11 ([Wit10]). Fix any prime ℓ. Let f : Y → X be an admissible ℓ-
adic Lie extension of a geometrically connected scheme X of finite type over Fq.
Set G = Gal(Y/X). For any flat Zℓ-sheaf F , the cohomology of C(Y/X,F) is
S-torsion and there exists an element ζ!(F) ∈ K1(ΛZℓ(G)S) such that
(1) ∂ζ!(F) = [C(Y/X,F)] in K0(ΛZℓ(G),ΛZℓ(G)S),
(2) Φρ(ζ!(F)) = L!(M(ρ) ⊗Zℓ F , γ
−1) in ΛOρ(Γ)
×
S for any continuous repre-
sentation ρ ∈ C(G).
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Recall that for ℓ 6= p, we have L!(F , t) = L(F , t) in the commutative situation.
Thus, in this case, the above result is indeed a full analogue of Theorem 1.1. Note
that we do not need to assume a µ = 0-conjecture. We can directly prove the much
stronger S-torsion property.
In fact, the result in [Wit10] is more general than the one stated above. By
replacing the fundamental group by an arbitrary principal covering, one may also
deal with nonconnected schemes. Moreover, the theorem still holds if G is no
longer an ℓ-adic Lie group, but topologically finitely generated and virtually pro-ℓ.
This applies for example to the maximal pro-ℓ-quotient of the fundamental group
πe´t1 (X, ξ). We may also replace Zℓ by more general coefficient rings, for example,
the valuation ring of any finite field extension of Qℓ.
For ℓ = p, Burns proves the following result:
Theorem 1.12 ([Bur11b]). Let p 6= 2. Let f : Y → X be an admissible p-adic Lie
extension of a geometrically connected scheme X of finite type over Fq. Set G =
Gal(Y/X). For any flat Zp-sheaf F , there exists an element ζ(F) ∈ K1(ΛZp(G)S)
such that
(1) ∂ζ(F) = [C(Y/X,F)] in K0(ΛZp(G),ΛZp(G)S),
(2) Φρ(ζ(F)) = L(M(ρ)⊗Zp F , γ
−1) in ΛOρ(Γ)
×
S for any Artin representation
ρ ∈ A(G).
Again, the restriction to geometrically connected schemes and to ℓ-adic Lie
groups may easily be lifted. However, it is not clear that ζ(F) satisfies the in-
terpolation property with respect to all continuous representations. The exclusion
of the prime 2 in the statement is a purely technical restriction. There is no reason
to expect any odd behaviour for the even prime. Also for technical reasons, we may
not replace Zp by the valuation ring of any finite extension of Qp. At present, we
can only deal with unramified extensions.
2. Sketch of Proofs
We will give a fairly detailed sketch of the proofs of Theorem 1.11 and Theo-
rem 1.12 below. In some details we will deviate from the original proofs in [Wit10]
and [Bur11b], but the general ideas remain the same.
2.1. On the Proof of Theorem 1.11. We begin by assuming that we already
know that C(Y/X,F) is S-torsion. The proof of the existence of the non-commu-
tative L-function ζ!(F) is very different from the number field case: We are in
the happy position to be able to give an explicit construction of a hot candidate
for ζ!(F). The proof then boils down to verifying that this candidate does indeed
satisfy the required interpolation property.
Let X be the base change of X to the algebraic closure F¯q of Fq and set
C(Y/X,F) = RΓc(X,FG).
The geometric Frobenius F ∈ Gal(F¯q/Fq) acts on this complex and from the
Hochschild-Serre spectral sequence it follows that there exists a distinguished tri-
angle
C(Y/X,F)
id−F
−−−−→ C(Y/X,F)→ C(Y/X,F).
Since C(Y/X,F) is S-torsion we see by Theorem 1.3 that [id−F ] is a class in
K1(Λ(G)S). We take the inverse of it as our definition of ζ!(F). Since C(Y/X,F)
is the cone of id−F it follows again by Theorem 1.3 that ∂ζ!(F) = [C(Y/X,F)].
The construction of [id−F ] is compatible with taking derived tensor products.
In particular, we have
Φρ(ζ!(F)) = ζ!(M(ρ)⊗Zℓ F) ∈ K1(Λ(Γ)S)
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for any continuous representation ρ ∈ C(G). It remains to verify that ζ!(F) =
L!(F , γ
−1) for any flat Zℓ-sheaf F and the cyclotomic Zℓ-extension X
cyc/X . This
follows from the commutativity of the diagram
(2.1) Λ(Γ)⊗L
Zℓ
RΓc(X,F)
γ−1⊗F
//
η

Λ(Γ)⊗L
Zℓ
RΓc(X,F)
η

RΓc(X,FΓ)
F
// RΓc(X,FΓ)
in the derived category of complexes of Λ(Γ)-modules, with η denoting the canonical
quasi-isomorphism.
We will now give a sketch of the proof of the S-torsion property. As before, let
H = ker(G→ Γ). The general case is easily reduced to the case that H is finite by
considering quotients by open subgroups of H which are normal in G. From now
on, we assume that H is finite. In particular, Y may be viewed as a scheme of finite
type over Fqℓ∞ . Moreover, in this situation, the cohomology groups of C(Y/X,F)
are S-torsion precisely if they are finitely generated as Zℓ-modules. Hence, the
S-torsion property follows from
Proposition 2.1. Assume that H is finite. For each integer i,
Hi+1(C(Y/X,F)) ∼= Hic(Y,F)
∼= Hic(Y ×Fqℓ∞ F¯q,F)
Gal(F¯q/Fqℓ∞ ).
In particular, the cohomology groups of C(Y/X,F) are finitely generated as Zℓ-
modules.
Proof. We first note that
Hi(C(Y/X,F)) ∼= lim←−
V
Hic(V,F)
where the limit goes over the finite Galois subextensions of Y/X . From this, we
see that we may replace X by an appropriate V and enlarge Fq if necessary such
that we may assume that Y is the cyclotomic Zℓ-extension of X and that
Y ×F
qℓ
∞ F¯q = X.
The cohomology groups Hic(X,F) are known to be finitely generated Zℓ-modules,
even in the case ℓ = p [Del77, p. 84 § 2.10] (or use Proposition 1.8 for G = 1). Since
Gal(F¯q/Fqℓ∞ ) is of order prime to ℓ the Hochschild-Serre spectral sequence gives us
Hic(X,F)
Gal(F¯q/Fqℓ∞ ) = Hic(Y,F),
which is still finitely generated over Zℓ.
Let Xn denote the subextension of degree ℓ
n in Y/X . From the Hochschild-Serre
spectral sequence we obtain a short exact sequence
0→ Hic(Y,F)Γℓn → H
i+1
c (Xn,F)→ H
i+1
c (Y,F)
Γℓ
n
→ 0
As Hi+1c (Y,F) is finitely generated over the noetherian ring Zℓ, the increasing
family of submodules Hi+1c (Y,F)
Γℓ
n
becomes stationary. This means in turn that
the inverse limit with respect to the norm maps vanishes. Hence,
Hi+1(C(Y/X,F)) ∼= lim←−
n
Hic(Y,F)Γℓn
is the compactification of the Λ(Γ)-module Hic(Y,F). However, this module, being
finitely generated over Zℓ, is already compact and therefore,
lim
←−
n
Hic(Y,F)Γℓn = H
i
c(Y,F).

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2.2. On the Proof of Theorem 1.12. In the view of Theorem 1.11 we are reduced
to showing
Proposition 2.2. Let Y/X be an admissible p-adic Lie extension with Galois group
G. For any flat Zp-sheaf F on X, there exists a unique ν(F) ∈ K
′
1(ΛZp(G)) such
that
Φρ(ν(F)) = v(M(ρ)⊗Zp F , γ
−1)
in ΛOρ(Γ)
× for every Artin representation ρ of G.
We extend the defintion of v(F , t) to the non-commutative world by setting
K1(A[[t]]) ∋ v(F , t) =
[id−Ft : A[[t]]⊗A RΓc(X,F)]−
∑
x∈X0
[id−Fxt
degx : A[[t]]⊗A Fx]
for any compact noetherian ring A (not necessarily commutative) and any flat A-
sheaf F . Note that the sum converges in the profinite topology ofK1(A[[t]]) because
there are only finitely many closed points of X of a given degree. Note further that
the definition of v(F , t) is compatible with derived tensor products in the following
sense: If B is another compact noetherian ring and P a B-A-bimodule which is
finitely generated and projective as B-module, then the image of v(F , t) under the
map
K1(A[[t]])
P⊗LA·−−−−→ K1(B[[t]])
is v(P ⊗A F , t).
If A is commutative, then
v(F , t) ∈ A〈t〉× ⊂ A[[t]]× = K1(A[[t]])
by Proposition 1.9. In particular, we may consider its image v(F , 1) ∈ A× under
the homomorphism A〈t〉
t7→1
−−−→ A.
Proposition 2.3. Assume that Y/X is an admissible p-adic Lie extension with
G = Gal(Y/X) abelian. For any compact commutative noetherian Zp-algebra O
and any flat O-sheaf F , the element ν(F) = v(FG, 1) validates the interpolation
property of Proposition 2.2.
Proof. Choose A = Λ(G), B = ΛOρ(Γ). By the compatibility with derived tensor
products we conclude that
Φρ(ν(F)) = ν(M(ρ)⊗Zp F) = v((M(ρ)⊗Zp F)Γ, 1).
One then checks using the diagram (2.1) on page 11 that
v((M(ρ) ⊗Zp F)Γ, t) = v(M(ρ)⊗Zp F , γ
−1t).

Unfortunately, it is a priori not clear that we can evaluate the element v(FG, t)
in 1 if G is not commutative. Even if we knew that v(FG, t) was in the image
of K1(Λ(G)〈t〉) → K1(Λ(G)[[t]]), the map could still be so far from injective that
the evaluation of an element in the preimage of v(FG, t) in t = 1 depends on the
particular choice of it.
However, we will prove below that the evaluation is possible for a p-adic Lie
group G under the hypotheses
(H1) G contains an open central subgroup Z,
(H2) G is a pro-p-group,
(H3) There exists a system of representatives R ⊂ G for the cosets in G/Z which
contains 1 and consists of full G-orbits,
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(H4) O is the valuation ring of a finite unramified extension of Qp and p 6= 2
introduced in [SV12].
Recall the notation
S(G,Z) = {U : Z ⊂ U ⊂ G}
and the homomorphism
θGZ : K1(Λ(G))→
∏
U∈S(G,Z)
Λ(Uab)×
from [SV12, §4]. We also recall from loc. cit., Theorem 4.10, that under the above
hypotheses the kernel of θGZ is the group SK1(Λ(G)) and that its image consists of
precisely those elements satisfying the congruence conditions (M1)–(M4) given in
loc. cit., before Lemma 4.6.
Note that if G satisfies (H1)–(H3) then so does G × Zp, with Z replaced by
Z × Zp. Moreover, we may canonically identify
S(G× Zp, Z × Zp) ∼= S(G,Z)
via the projection map. Using the isomorphism Λ(G × Zp) ∼= Λ(G)[[t]] that maps
1 ∈ Zp to the power series 1− t and the map θ
G×Zp
Z×Zp
we obtain a homomorphism
θt : K1(Λ(G)[[t]])→
∏
U∈S(G,Z)
Λ(Uab)[[t]]×.
We let K⋄1 (Λ(G)[[t]]) denote the preimage of∏
U∈S(G,Z)
Λ(Uab)〈t〉×
under the homomorphism θt.
Proposition 2.4. Assume (H1)–(H4). There exists a unique homomorphism ε
filling the commutative diagram
K⋄1 (Λ(G)[[t]])
θt
//
ε

∏
U∈S(G,Z)
(
Λ(Uab)〈t〉
)×
t7→1

K ′1(Λ(G))
θGZ
//
∏
U∈S(G,Z)
Λ(Uab)×.
Proof. Since the homomorphism θGZ in the diagram is injective, it suffices to show
that the evaluation in t = 1 of an element in the image of θt lies in the image of
θGZ . As noted above, the images of θt and θ
G
Z may be described by a list of explicit
congruences (M1)–(M4). Let
f(t) = (fU (t))U∈S(G,Z) ∈ θt(K
⋄
1 (Λ(G)[[t]])).
We will exemplarily check that f(1) satisfies
(M3) verVU (fV (1))− fU (1) = σ
V
U (x) for a x ∈ Λ(U
ab) if [V : U ] = p.
Here,
σVU : Λ(U
ab)→ Λ(Uab), x 7→
∑
g∈V/U
gxg−1,
and
verVU : Λ(V
ab)→ Λ(Uab)
is the unique continuous ring homomorphism which coincides with the transfer map
on V ab and with the absolute Frobenius automorphism on the coefficient ring O.
14 MALTE WITTE
Fix U ⊂ V ∈ S(G,Z) with [V : U ] = p and let (g, a) ∈ V ab × Zp. Then
ver
V×Zp
U×Zp
= (verVU (g), [V : U ]a),
in particular,
ver
V×Zp
U×Zp
(t) = 1− (1− t)p
for the indeterminate t. We conclude that the power series ver
V×Zp
U×Zp
(f(t)) lies in
(
Λ(Uab)〈t〉
)×
and that its evaluation in 1 agrees with verVU (fV (1)). By assumption,
there exist a power series
x(t) =
∞∑
i=0
xit
i ∈ Λ(Uab)[[t]]
with
ver
V×Zp
U×Zp
(fV (t)) − fU (t) = σ
V×Zp
U×Zp
(x(t)) =
∑
g∈V/U
gx(t)g−1 ∈ Λ(Uab)〈t〉.
Hence, for every n, σVU (xi) ∈ Jac(Λ(U
ab))n for almost all i. Since Λ(Uab) is com-
pact, the image of the continuous map σVU is closed and therefore, there exists an
x ∈ Λ(Uab) with
σVU (x) =
∞∑
i=0
σVU (xi) = ver
V
U (fV (1))− fU (1).
Similarily, one shows that f(1) also satisfies (M1), (M2), and (M4). In each case,
the main step is to verify that each of the maps involved in the formulation of the
respective congruence relations are compatible with the evaluation in 1. This can be
achieved by a quick inspection of the corresponding definitions given in [SV12]. 
Proof of Proposition 2.2. Using the same reduction arguments as in [Suj12, §3] and
in [Kak12, Prop. 2.2] we see that it suffices to consider the cases
(1) G is abelian,
(2) H is a finite p-group,
The first case has been settled in Proposition 2.3. Therefore, assume that H is a
finite p-group. Using Proposition 2.4, we may set
ν(F) = ε(v(FG, t)).
The interpolation property is then verified as in Proposition 2.3. This concludes
the proof of Proposition 2.2 and hence, also the proof of Theorem 1.12. 
Note that our θt differs from the one used in [Bur11b]. Instead of using the
identification Λ(G)[[t]] ∼= Λ(G×Zp) Burns considers Λ(G)[[t]] as an Iwasawa algebra
with coefficient ring O[[t]] and transfers the logarithm techniques of Oliver and
Taylor to power series rings. This also yields slightly different congruence relations,
but the difference vanishes if one evaluates in t = 1.
We also remark that
ker θt = SK1(Λ(G× Zp)) = SK1(Λ(G))
by [Wit09, Prop. 5.3].
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3. Main Conjectures for Function Fields
In this section, we will consider the special case that X is a geometrically con-
nected smooth affine curve over Fq. Let F denote the function field of X , X
c the
smooth compact curve with function field F and Σ = Xc \ X . Every admissible
ℓ-adic Lie extension Y/X may then be seen as a Galois extension F∞/F such that
(1) the Galois group G of F∞/F is an ℓ-adic Lie group,
(2) F∞/F is unramified outside Σ,
(3) F∞ contains Fqℓ∞F .
Assume that ℓ 6= p and let Zℓ(1) be the Zℓ-sheaf on X corresponding to the
cyclotomic character Gal(F¯q/Fq)→ Z
×
ℓ . We set
C(F∞/F ) = C(Y/X,Zℓ(1))[−3].
Poitou-Tate duality then implies
C(F∞/F ) = RHom(RΓe´t(Y,Qℓ/Zℓ),Qℓ/Zℓ),
in perfect accordance with the number field case [Kak11, §2.3]. Since Y is K(π, 1),
one may replace the appearance of e´tale cohomology of Y by the Galois cohomology
of πe´t1 (Y, ξ) if one desires.
One of the major differences between number fields and function fieds is that
SpecZ has no sensible compactification in the category of schemes. In particular,
the standard construction of the total derived section functor with proper support
does not work. However, the above duality statement explains why the complex
C(F∞/F ) that appears in Kakde’s work is a sensible replacement.
As in the number field case, we let X (F∞) denote the Galois group of the maximal
abelian ℓ-extension of F∞ unramified outside Σ. A quick calculation then shows
H−1(C(F∞/F )) = X (F∞),
H0(C(F∞/F )) = Zℓ,
Hi(C(F∞/F )) = 0 otherwise.
Beware that the module X (F∞) in itself may have no finite projective resolution
and therefore, no well-defined class in K0(Λ(G),Λ(G)S) if G has elements of order
ℓ. If we additionally assume that such elements do not exist, then
[C(F∞/F )] = [Zℓ]− [X (F∞)]
in K0(Λ(G),Λ(G)S) and Theorem 1.11 gives the precise equivalent of Theorem 1.1
plus the vanishing of the µ-invariant.
A precise equivalent of the non-commutative Iwasawa main conjecture for elliptic
curves over number fields [CFK+05] can be deduced from Theorem 1.11 by consid-
ering the Zℓ-sheaf on X given by the ℓ-adic Tate module (ℓ 6= p) of an elliptic curve
or, more generally, any abelian variety over F . More details are given in [Wit11a].
The case ℓ = p looks more difficult and seems very different in nature. Theo-
rem 1.12 may be applied to the constant sheaf Zp on X to deduce a main conjecture
for the leading terms of the Artin L-functions LA(ρ, s) in s = 0. The cohomology
of the complex C(Y/X,Zp) is concentrated in degree 2 and its Λ(G)-dual is related
to the inverse limit of the p-parts of the class groups of the intermediate fields
[Bur11a, Prop. 4.1]. However, we cannot apply Burns’ theorem to obtain interpo-
lations of the leading terms in s = n for arbitrary n as the natural constructions
of the Tate twists Zp(n) via Bloch’s cycle complexes do not give Zp-sheaves in our
sense. Moreover, the formulas for the leading terms of the zeta functions deduced by
Milne [Mil86] and others hint that there is a ’tangent space’ contribution from the
DeRham-complex which should appear in the boundary term of a non-commutative
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p-adic L-function at non-zero Tate twists. An equivariant generalisation of Milne’s
formulas is still missing.
Completing the work of Ochiai and Trihan [OT09], a noncommutative main
conjecture for abelian varieties over F in the case ℓ = p is formulated in [TV11]
and there is progress towards a proof, at least under certain hypotheses. The
conjectured interpolation property is only for the leading terms of the L-functions
of Artin twists of the abelian variety in s = 1. Instead of e´tale cohomology the
authors use flat cohomology as in [KT03]. The boundary of the conjectured non-
commutative L-function is given by the flat total derived section complex of the
(flat) p-adic Tate module plus a tangent space contribution given by the total
derived sections of the Lie algebra of the abelian variety. One might be tempted to
apply Theorem 1.12 to the Zp-sheaf on X given by the (e´tale) p-adic Tate module,
but the L-function of this sheaf differs from the L-function of the abelian variety
and it is not clear how to handle the difference.
Fixing a place p of the function field F , one may speculate about yet another,
completely different, approach to formulate an analogue of the Iwasawa main con-
jecture, with the valuation ring Ap of Fp taking over the role of Zp. One can define
a characteristic p version of an L-function taking values in the completion of the
algebraic closure of Fp [Gos96] and one can prove formulas for special values of
characteristic p L-functions [Laf09]. According to the general philosophy, a possi-
ble analogue of the Iwasawa main conjecture should then give information about
the limit of these values if F varies in a suitable family of field extensions. Such
a suitable family might be given by the extensions obtained from Drinfeld-Hayes
modules. These are widely regarded as the right analogues of cyclotomic extensions
in this setting.
References
[Bru66] A. Brumer, Pseudocompact algebras, profinite groups, and class formations, Journal
of Algebra (1966), no. 4, 442–470.
[Bur11a] D. Burns, Congruences between derivatives of geometric L-functions, Invent. math.
(2011), no. 184, 221–256.
[Bur11b] , On main conjectures of geometric Iwasawa theory and related conjectures,
Preprint., 2011.
[CFK+05] J. Coates, T. Fukaya, K. Kato, R. Sujatha, and O. Venjakob, The GL2 main conjecture
for elliptic curves without complex multiplication, Publ. Math. Inst. Hautes Etudes Sci.
(2005), no. 101, 163–208.
[CK12] John Coates and Dohyeong Kim, Introduction to the work of M. Kakde on the non-
commutative main conjectures for totally real fields, this volume, 2012.
[Del77] P. Deligne, Cohomologie e´tale (SGA 4 1
2
), Lecture Notes in Mathematics, no. 569,
Springer, Berlin, 1977.
[EK01] M. Emerton and M. Kisin, Unit L-functions and a conjecture of Katz, Ann. of Math.
153 (2001), no. 2, 329–354.
[FK06] T. Fukaya and K. Kato, A formulation of conjectures on p-adic zeta functions in non-
commutative Iwasawa theory, Proceedings of the St. Petersburg Mathematical Society
(Providence, RI), vol. XII, Amer. Math. Soc. Transl. Ser. 2, no. 219, American Math.
Soc., 2006, pp. 1–85.
[Gos96] David Goss, Basic structures of function field arithmetic, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), vol. 35, Springer-Verlag, Berlin, 1996.
[Gro77] A. Grothendieck, Cohomologie ℓ-adique et fonctions L (SGA 5), Lecture Notes in
Mathematics, no. 589, Springer, Berlin, 1977.
[Jen72] C. U. Jensen, Les foncteurs de´rive´s de lim
←−
et leurs applications en the´orie des modules,
Lecture Notes in Mathematics, Vol. 254, Springer-Verlag, Berlin, 1972. MR 0407091
(53 #10874)
[Kak11] M. Kakde, The main conjecture of Iwasawa theory for totally real fields, Preprint,
2011.
[Kak12] Mahesh Kakde, Congruences between abelian p-adic zeta functions, this volume, 2012.
NONCOMMUTATIVE MAIN CONJECTURES OF GEOMETRIC IWASAWA THEORY 17
[KS09] Moritz Kerz and Alexander Schmidt, Covering data and higher dimensional global
class field theory, J. Number Theory 129 (2009), no. 10, 2569–2599.
[KT03] K. Kato and F. Trihan, On the conjectures of Birch and Swinnerton-Dyer in charac-
teristic p > 0, Inventiones Mathematicae 153 (2003), 537–592.
[Laf09] Vincent Lafforgue, Valeurs spe´ciales des fonctions L en caracte´ristique p, J. Number
Theory 129 (2009), no. 10, 2600–2634.
[Mil80] J. S. Milne, Etale cohomology, Princeton Mathematical Series, no. 33, Princeton Uni-
versity Press, New Jersey, 1980.
[Mil86] , Values of zeta functions of varieties over finite fields, American Journal of
Mathematics 108 (1986), 297–360.
[MT07] F. Muro and A. Tonks, The 1-type of a Waldhausen K-theory spectrum, Advances in
Mathematics 216 (2007), no. 1, 178–211.
[Mur08] Fernando Muro, Maltsiniotis’s first conjecture for K1, Int. Math. Res. Not. IMRN
(2008), no. 4, Art. ID rnm153, 31.
[OT09] T. Ochiai and F. Trihan, On the Selmer groups of abelian varieties over function fields
of characteristic p > 0, Math. Proc. Cambridge Philos. Soc. 146 (2009), no. 1, 23–43.
[Suj12] R. Sujatha, Reductions of the main conjecture, this volume, 2012.
[SV12] Peter Schneider and Otmar Venjakob, K1 of certain Iwasawa algebras, after Kakde,
this volume, 2012.
[TV11] Fabien Trihan and David Vauclair, On the Iwasawa main conjecture of abelian varieties
over function fields of characteristic p > 0., in preparation, 2011.
[Wit08] M. Witte, Noncommutative Iwasawa main conjectures for varieties over finite fields,
Ph.D. thesis, Universita¨t Leipzig, 2008.
[Wit09] , Noncommutative L-functions for varieties over finite fields, Preprint, 2009.
[Wit10] , On a noncommutative Iwasawa main conjecture for varieties over finite fields,
Preprint, 2010.
[Wit11a] , Noncommutative Iwasawa main conjectures for function fields, in preparation,
2011.
[Wit11b] , On a localisation sequence for the K-theory of skew power series rings,
Preprint, 2011.
[WY92] C. Weibel and D. Yao, Localization for the K-theory of noncommutative rings, Al-
gebraic K-Theory, Commutative Algebra, and Algebraic Geometry, Contemporary
Mathematics, no. 126, AMS, 1992, pp. 219–230.
Malte Witte,
Universita¨t Heidelberg,
Mathematisches Institut,
Im Neuenheimer Feld 288
E-mail address: witte@mathi.uni-heidelberg.de
